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4.E: Line and Surface Integrals (Exercises)

4.1: Line Integrals

A
For Exercises 1-4, calculate [, f(z,y) ds for the given function f(z,y) and curve C.

4.1.1. f(z,y) =2zy; C:x=cost,y=sint,0<t<m/2
4.1.2.f(w,y):;—2+1; C:z=t,y=0,0<t<1
4.13. f(z,y) =2z +y; C: polygonal path from (0,0) to (3,0) to (3,2)

4.14.
f(z,y) =z +y?* C: pathfrom (2,0) counterclockwise along the circle 2> +y? = 4 to the point (—2,0) and then back to (2,0) along the z-axis

4.1.5. Use a line integral to find the lateral surface area of the part of the cylinder 22 +y? =4 below the plane z +2y+2z=6 and above the zy-
plane.

For Exercises 6-11, calculate [, f-dr for the given vector field f(z,y) and curve C.
41.6.f(z,y)=i—j; C:z=3t,y=2t,0<t<1

41.7.f(z,y) =yi—zj; C:x=cost,y=sint,0 <t < 2w

4.18.f(z,y) =zi+yj; C:x=cost,y=sint,0<t<2rm

419.f(z,y) = (2 —y)i+ (z —¢?)j; C:x=cost,y=sint,0<t<2r

4.1.10. f(z,y) = zy’i+23j; C: the polygonal path from (0,0) to (1,0) to (0,1) to (0,0)
4111 f(z,y) = (22 +y?)i; C:z=2+cost,y=sint,0<t<2r

B

4.1.12. Verify that the value of the line integral in Example 4.1 is unchanged when using the parametrization of the circle C' given in formulas
Equation (4.8).

4.1.13. Show that if f | r’(t) at each point r(t) along a smooth curve C, then [, f-dr=0.
4.1.14. Show that if f points in the same direction as r (£) at each point r(¢) along a smooth curve C, then [, f-dr = [, ||f|| ds .

c
4.1.15. Prove that [ f(z,y)ds = [ f(z,y) ds . (Hint: Use formulas Equation (4.9).)

4.1.16. Let C be a smooth curve with arc length L, and suppose that f(z,y) = P(z,y)i+ Q(z,y)j is a vector field such that ||f(z,y)|| < M for all
(z,y) on C. Show that | [, f-dr| < ML . (Hint: Recall that 'fab g(z) dz| < fab lg(z)| dz for Riemann integrals.)

4.1.17. Prove that the Riemann integral fab f(x) dz is a special case of a line integral.

4.2: Properties of Line Integrals
A
4.2.1. Evaluate fC(:c2 +y?)dz+2xydy for C:z = cost,y=sint,0 <t < 2m.

4.2.2. Evaluate fc(x2 +y?)dz+2xydy for C:x =cost,y=sint,0<t <7
4.2.3. Ts there a potential F'(z,y) for f(z,y) = yi — zj ? If so, find one.
4.2.4.Is there a potential F(z,y) for f(z,y) = =i —yj ? If so, find one.
4.2.5.Ts there a potential F(z,y) for f(z,y) = zy®i+ 2°yj ? If so, find one.

B
4.2.6. Let f(z, y) and g(z, y) be vector fields, let a and b be constants, and let C be a curve in R?. Show that

/(af:l:bg)-drza/f-dr:tb/g-dr. (4.E.1)
c c c

4.2.7. Let C be a curve whose arc length is L. Show that [, 1ds = L.

4.2.8. Let f(z,y) and g(z,y) be continuously differentiable real-valued functions in a region R. Show that

fi Vg dr=— fc GV f-dr (4E2)

for any closed curve C' in R. (Hint: Use Exercise 21 in Section 2.4.)

4.2.9. Let f(z,y) = ﬁﬂ» ﬁy?-] for all (z,y) # (0,0),and C : x = cost,y =sint,0 < ¢ < 2.

(a) Show that f= VF, for F(z,y) =tan ! (y/z) .
(b) Show that ffC f- dr = 27 . Does this contradict Corollary 4.6? Explain.

https://math.libretexts.org/Bookshelves/Calculus/Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.E%3A_Line_and_Surface_lIntegrals... 1/4



2/27/2023 4.E: Line and Surface Integrals (Exercises) - Mathematics LibreTexts
C
4.2.10. Let g(z) and h(y) be differentiable functions, and let f(z,y) = h(y)i+ g(z)j . Can f have a potential F(z,y)? If so, find it. You may assume

that F' would be smooth. (Hint: Consider the mixed partial derivatives of F'.)
4.3: Green’s Theorem
A

For Exercises 1-4, use Green’s Theorem to evaluate the given line integral around the curve C, traversed counterclockwise.
43.1. §,(z* — y*) dz + 2zy dy; C is the boundary of R = (z,y) : 0 <z <1,22> <y <2z

4.3.2. fC z?ydz + 2zydy; C is the boundary of R = (z,9): 0 <z < 1,22 <y <z

4.3.3. ffc 2ydx — 3z dy; C is the circle 2% + 4% =1

4.34. fc(e”:2 +y?) dz + (e¥’ 4 22) dy; C is the boundary of the triangle with vertices (0,0), (4,0) and (0,4)

4.3.5. Ts there a potential F(z,y) for f(x,y) = (y* + 3z2)i+ 22yj ? If so, find one.

4.3.6. Is there a potential F(z, y) for f(z,y) = (23 cos(zy) + 2z sin(zy))i+ z?ycos(zy)j ? If so, find one.

4.3.7.Is there a potential F(z,y) for f(z,y) = (8zy+3)i+4(z% +y)j ? If so, find one.

4.3.8. Show that for any constants a, b and any closed simple curve C, fo adr+bdy=0.

B

4.39. For the vector field f as in Example 4.8, show directly thatf,f-dr=0, where C' is the boundary of the annulus
R=(z,y):1/4<2?+y? <1 traversed so that R is always on the left.

4.3.10. Evaluate §,e”sinydz + (y® +e®cosy)dy , where C is the boundary of the rectangle with vertices (1,—1),(1,1),(—1,1) and (—1,-1),
traversed counterclockwise.

C
4.3.11. For a region R bounded by a simple closed curve C, show that the area A of R is

1
A:—?{ydm:%mdy:—}{mdy—ydm, (4.E.3)
c c 2 Jo

where C is traversed so that R is always on the left. (Hint: Use Green's Theorem and the fact that A = [[1dA.)
R

4.4: Surface Integrals and the Divergence Theorem
A

For Exercises 1-4, use the Divergence Theorem to evaluate the surface integral f fz f-do of the given vector field f(z, y, z) over the surface X.
441.f(z,y,2) = xi+2yj+ 32k, D : 2 +¢y*> +22 =9

44.2.f(z,y, z) = zi+yj+ 2k, 2 : boundary of the solid cube S = (z,y,2): 0 < z,y,2 <1

443.f(z,y,2) = 231+ 135+ 2%k, T a? + 42+ 22 =1

4.44.f(z,y,2) =2i+3j+5k, X2+ +22 =1

B

4.4.5. Show that the flux of any constant vector field through any closed surface is zero.

4.4.6. Evaluate the surface integral from Exercise 2 without using the Divergence Theorem, i.e. using only Definition 4.3, as in Example 4.10. Note
that there will be a different outward unit normal vector to each of the six faces of the cube.

44.7. Evaluate the surface integral [ fz f-do, where f(z,y,2)=2%+zyj+zkandX is the part of the plane
6x 43y +2z=6withz >0,y >0, and 2> 0 , with the outward unit normal n pointing in the positive z direction.

4.4.8. Use a surface integral to show that the surface area of a sphere of radius r is 47r?. (Hint: Use spherical coordinates to parametrize the sphere.)
4.4.9. Use a surface integral to show that the surface area of a right circular cone of radius R and height h is mRvh2+4 R2. (Hint: Use the
parametrization x = rcosf,y =rsinf, z = %r, for0<r<Rand0<6<2m )
9 P
4.4.10. The ellipsoid 4 L+ 2_22 =1 can be parametrized using ellipsoidal coordinates
a? b c
z=asingpcos, y=>bsinpsinh, z=ccosp, for 0 < <2mrand 0 < p <. (4.E.4)

Show that the surface area S of the ellipsoid is

g 2
S= / / msin <p\/ a’b? cos® p + c*(a® sin® 0+ b? cos® 0) sin® ¢ db dep. (4.E.5)
o Jo

(Note: The above double integral can not be evaluated by elementary means. For specific values of a,b and c it can be evaluated using numerical
methods. An alternative is to express the surface area in terms of elliptic integrals. )

https://math.libretexts.org/Bookshelves/Calculus/Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.E%3A_Line_and_Surface_lIntegrals... 2/4



2/27/2023 4.E: Line and Surface Integrals (Exercises) - Mathematics LibreTexts
C

4.4.11. Use Definition 4.3 to prove that the surface area S over a region R in R? of a surface z = f (z,y) is given by the formula

‘4/ ¢ o %)* (%) 4 (4E.6)

(Hint: Think of the parametrization of the surface.)

4.5: Stokes’ Theorem
A

For Exercises 1-3, calculate [, f(x,y, z) ds for the given function f(z,y, z) and curve C.

45.1. f(z,y,2) =2 C:z=cost,y=sint,z=1,0<t<2r

45.2. f(z,y,2) = é +y+2z Ciz=ty=t2=11<t<2

453. f(z,y,2) =2% C:x=tsint,y=tcost,z= 2—‘3/5t3/2,0 <t<1

For Exercises 4-9, calculate [, f-dr for the given vector field f(x,y, z) and curve C.

454.f(z,y,2) =i—j+k; C:xz=3ty=2t2=1t0<t<1

455.f(z,y,z) =yi—zj+2k; C:xz=cost,y=sint,z=t,0<t< 2w

45.6.f(z,y,2) =zi+yj+zk; C:z=cost,y=sint,z=2,0<t<2rm

457 f(z,y,2) = (y—22)i+zyj+ (2zz+y)k; C:z=t,y=2t,z=¢t>-1,0<t<1

4.58.f(z,y,z) = yzi+xzj+zyk; C: the polygonal path from (0,0,0) to (1,0,0) to (1,2,0)

4.5.9.f(z,y,z) = zyi+ (z—z)j+ 2yzk; C': the polygonal path from (0,0,0) to (1,0,0) to (1,2,0) to (1,2, —2)
For Exercises 10-13, state whether or not the vector field f(z, y, z) has a potential in R3 (you do not need to find the potential itself).
4.5.10. f(z,y,2) = yi—zj+ zk

4.5.11. f(z,y, 2) = ai+ bj + ck(a, b, ¢ constant)
4512 f(z,y,2) = (z +y)i+zj+ 2%k

4.513. f(z,y, z) = zyi — (x —y2?)j + 22k

B

For Exercises 14-15, verify Stokes” Theorem for the given vector field f(z, y, z) and surface 3.
4514. f(z,y,2) =2yi—zj+2k; Z:x?+y?+22=1,2>0
4515. f(z,y,z) = zyi+zzj+yzk; T:z=22+y%2<1

4.5.16. Construct a Mobius strip from a piece of paper, then draw a line down its center (like the dotted line in Figure 4.5.3(b)). Cut the Mobius strip
along that center line completely around the strip. How many surfaces does this result in? How would you describe them? Are they orientable?

4.5.17. Use Gnuplot (see Appendix C) to plot the Mobius strip parametrized as:

r(u,v):cosu(lJrvcos%) i+sinu(1l+wvcos 5) j +vsin — k 0<u<27r,7%_v§l (4.E.7)

[ V)

C
4.5.18. Let T be a closed surface and f(, y, z) a smooth vector field. Show that [[(curl f) -ndo = 0 . (Hint: Split & in half))
!

4.5.19. Show that Green’s Theorem is a special case of Stokes” Theorem.

4.6: Gradient, Divergence, Curl, and Laplacian
A

For Exercises 1-6, find the Laplacian of the function f(z,y, z) in Cartesian coordinates.

4.6.1. f(z,y,2) =z +y+z

4.6.2. f(z,y,2) =x°

4.6.3. f(z,y,2) = (¢* +y* + 22)%?
4.64. f(z,y,z) = e“1vT=

4.65. f(z,y,2) = 2> +y> + 28
466. f(z,y,2) =e TV

4.6.7. Find the Laplacian of the function in Exercise 3 in spherical coordinates.

4.6.8. Find the Laplacian of the function in Exercise 6 in spherical coordinates.
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4.6.9. Let f(z,y,2) = fyg in Cartesian coordinates. Find V f in cylindrical coordinates.

4.6.10. For f(r, 0, z) = re, + zsinfeg + rze, in cylindrical coordinates, find div f and curl f.
4.6.11. For f(p, 0, ) = e, + pcosfeg + pe, in spherical coordinates, find div f and curl f.

B
For Exercises 12-23, prove the given formula (r = ||r| is the length of the position vector field r(z,y, z) = zi+ yj + zk ).

4612.V(1/r) = —x/r°

4613.A(1/r) =0

4614.V-(r/r?)=0

4.615.V(Inr) =r/r?

4.6.16. div (F + G) = div F + div G
4.6.17.curl (F+G) =curl F +curl G
4.6.18.div (fF) = fdivF+F- V¥
4.6.19.div(FxG)=G -curl F—F-curl G
4.6.20. div (V£ x Vg) =0

4.6.21. curl (fF) = feurl F+ (Vf) X F
4.6.22. curl (curl F) = V(div F) — AF
4.623. A(fg)=fAg+gAf+2(Vf-Vyg)
C

4.6.24. Prove Theorem 4.17.

4.6.25. Derive the gradient formula in cylindrical coordinates: VF' = %Fer + %%eg + %—};ez

4.6.26. Use f = u Vv in the Divergence Theorem to prove:

(a) Green'’s first identity: [[[ (u Av+ (Vu)-(Vv))dV = [[(uVv)-do
S =
(b) Green’s second identity: [[[(uAv—vAwu)dV = [[(uVv—vVu)-do
5 b

4.6.27. Suppose that Au =0 (i.e. u is harmonic) over R®. Define the normal derivative % of u over a closed surface ¥ with outward unit normal

vector n by % = Dyu=n-Vu . Show that [ %n do = 0. (Hint: Use Green’s second identity.)
by
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